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The interaction between quantum two-level systems is typically short-range in free space and most
photonic environments. Here we show that Weyl photonic crystals can create significantly extended
long-range interaction between distant quantum systems because of their diminishing momentum
isosurfaces with equal frequencies around isolated Weyl points. The extended range of interaction
is robust and does not rely on specific location or orientation of the transition dipoles. A general
relation between the interaction range and properties of the isosurface is described, which provides a
recipe to identify other photonic environments for that enable long-range interaction. This work lays
the foundation to use Weyl photonic crystals as a platform to mediate quantum behavior.
The dipole-dipole interaction between two quantum
two-level systems (TLS) is typically short-range. There
has been strong interest in realizing long-range inter-
actions to exploit collective physics such as superradi-
ance [1, 2], collective frequency shift [3], Fo¨rster res-
onance energy transfer [4, 5], and quantum entangle-
ment [6–12]. The ability to modulate the distance de-
pendence of these processes could have potential appli-
cations in quantum information processing [8, 13] and
energy conversion [14]. Two components contribute to
the interaction: the evanescent near fields and the prop-
agating far fields (Fig. 1a &b). To enable long-range
interaction from the evanescent fields, one could use
evanescent fields with a long tail. Kimble et al. showed
that this scenario is possible for modes in the photonic
bandgap but close to the band edge [15–17]. However, it
is less obvious how to engineer propagating far fields to
enable long-range interaction. It is the goal of this letter
to provide a new perspective to understand the general
physical mechanism that is responsible for long-range
interaction induced by propagating far fields, and iden-
tify a specific structure, a Weyl photonic crystal, that is
capable of extending that interaction range.
In free space, the range of far fields induced inter-
action is limited to the wavelength scale. When the
wavelength is long, such as those in index-near-zero ma-
terials [18–20], the interaction range can increase pro-
portionally. However, there are a few intriguing exam-
ples where the interaction range extends far beyond the
effective wavelength. These include low-dimensional
spaces, such as waveguides and fibers [2, 21, 22], or hy-
perbolic materials in selected directions [23–25]. These
interesting but isolated examples heavily rely on very
specific configurations. Thus, it is difficult to general-
ize the theoretical treatments to identify the underly-
ing physics, which unfortunately remains elusive. In
this letter, we show the deep connection between the
long-range interaction and the size and shape of the iso-
frequency surface in momentum space. It can be gener-
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Figure 1. Schematics of interactions between two TLSs con-
nected by (a) evanescent near-field modes, (b) propagating
far-field modes (c) Isosurface Sω(k)=ω0 in momentum space,
where dSk is a small surface element.
alized to a broad range of physical systems and to iden-
tify new systems capable of realizing long-range interac-
tion. As an example, we show the robust long-range in-
teraction in a Weyl photonic crystal. Such a long-range
interaction is realized not just along a single axis, but in
3D space for all directions with an interaction range far
beyond the free space and effective wavelength.
We begin by examining the interaction between two
TLSs over a long distance. The TLSs are embedded in
a photonic environment that can be described by a dis-
persion relation ω = ω (k). Using the example of free
space, ω = c|k| = ck, where c is the light of speed. Other
dispersion relations can be seen in metamaterials, pho-
tonic crystals or waveguides. The Hamiltonian of the
TLSs and the photonic modes is given by [26]
H =
∑
i=1,2
ω0σˆ
+
i σˆ i +
∑
k,η
ωkaˆ
+
k,η aˆk,η
+i
∑
i=1,2
∑
k,η
gk (ri )
(
aˆk,η σˆ
+
i e
ik·ri − aˆ+k,η σˆie−ik·ri
)
,
(1)
where ω0 is the resonant transition frequency of the
TLS. σˆ†i (σˆi ) is the raising (lowering) operator of ith TLS.
2ωk and aˆ
†
k,η
(
aˆk,η
)
are the frequency and creation (an-
nihilation) operator of photons, respectively. gk,η (ri ) =√
ωk/2ε0Vµi · ǫk,η is the coupling between the ith TLS
and the photonic mode k. Here, µi is the transition
dipole moment of the ith TLS and ǫk,η is the polariza-
tion direction of the photonic mode k and index η. One
can derive the radiative interaction Γ = ΓRe + iΓIm be-
tween two TLSs based on the above Hamiltonian. The
real and imaginary parts describe the cooperative de-
cay rate and cooperative energy shift, respectively. The
focus of this letter will be cooperative decay rate. Simi-
lar conclusions can be drawn for the cooperative energy
shift.
We first provide a graphic illustration of why the
interaction between TLSs is short-range in free space.
Unlike most theoretical treatments used in the litera-
ture [24], we do not use Green functions to describe the
radiative environment. Instead, we try to keep all ra-
diative modes in their explicit forms in order to gain a
more intuitive picture. As shown in Section I of supple-
mentary material, the interaction between TLSs can be
expressed in the following form:
ΓRe =
"
Sω0(k)
ρke
ik·RdSk. (2)
The integral is performed on an iso-surface in mo-
mentum space, i.e. all wavevectors k that satisfy
ω (k) = ω0. The integrand includes two terms.
The first term is simply a polarization factor ρk =
ω0
16ε0π2vg (k)
(
µ1 · ǫk
)(
µ2 · ǫk,η
)∗
, which describes the rela-
tive orientation of the transition dipole µ and the po-
larization of the electric field ǫ. Here vg is the group
velocity. For degenerate polarization states, the inte-
gration should also include all polarizations. Since the
polarization factor ρk is independent of the inter-TLS
distance, it does not affect the interaction range. It is
the second term eik·R that plays the critical role in the
physics of the interaction range. Here R = r1 − r2 is the
distance vector between the two TLSs. The integrand
ρke
ik·R is a fast oscillating function, which generally re-
sults in cancellation of the integration when R is large.
Therefore, the interaction is always short-range. We can
see this effect in Fig. 2a. Here we consider two TLSs
in free space. The spherical isosurface has a radius of
k = |k| = ω0/c. The real part of ρkeik·R is plotted on the
isosurface. When R = 10λ, there are rapid oscillations
as k varies on the isosurface. The resulting value of the
integral is small, and therefore the interaction is weak
at this long distance. Only when the inter-TLS distance
is small, for example R = 0.3λ, the slow oscillation, as
shown in Fig. 2c, can lead to a sizable value of integral
and thus a strong interaction. The interaction decays as
the distance R grows (Fig. 2d).
We now use the same graphic illustration to intro-
duce an important observation: the interaction range is
Figure 2. (a) Two dipolar quantum transitions spaced by a
distance R = 10λ in free space. The right panel shows the
isosurface for the transition frequency in momentum space.
The real part of integrand ρke
ik·R is plotted on the isosur-
face. Red and blue colors indicate positive and negative max-
imum,respectively. A long R leads to fast oscillation and can-
cellation of the integral over the isosurface. (b) Similar to (a)
but with a shorter distance R = 0.3λ and thus slow oscillation
on the isosurface. (c) The situation can change significantly if
two quantum transitions are placed in a general photonic envi-
ronment, such as Weyl photonic crystal, where the isosurface
can be very small. Here R = 10λ. The isosurface has a radius
of q = |k−kc |. The inset in the right panel shows the zoom-in
view of the small isosurface, showing that even a large R may
not result significant cancellation due to small isosurface size.
Rˆ in (a-c) is fixed as (1,0,1) /
√
2. (d) & (e) The real part of ra-
diative interaction as a function of distance between two TLSs
in free space and the Weyl photonic crystal, respectively. Red
dots correspond to the cases in (a), (b), and (c), respectively.
inversely proportional to the size of the isosurface in mo-
mentum space. A large inter-TLS distance R on a large
isosurface leads to a fast oscillating integrand on the
isosurface that results in a small value of the integral.
One way to counter this effect is to substantially reduce
the isosurface size. Small isosurfaces can save the inte-
gral from cancellation even for a fast-oscillating func-
3Figure 3. (a) Structure of Weyl photonic crystal. Double-gyroid dielectric structure in a body-centered cubic unit cell with a set
of basis vectors a1 = (−1/2, 1/2, 1/2)a, a2 = (1/2,−1/2,1/2)a, and a3 = (1/2, 1/2, −1/2)a, where a is the lattice constant. Four air
spheres with a radius r = 0.07a are located at (1/4, −1/8, 1/2)a, (1/4, 1/8, 0)a, (5/8, 0, 1/4)a and (3/8, 1/2, 1/4)a, respectively.
(b) Dispersion relation on the kz = 0 plane. Three frequencies i, ii, iii are marked with white lines, to be discussed in (c). (c) The
interaction strength ΓRe as a function of distance for TLS transition frequencies (upper) ω = 0.5545, (middle) 0.5520 and (lower)
0.5512c/a, which correspond to the frequency i, ii, and iii in (b),respectively. The inter-TLS direction is Rˆ = (−1,1,1) / √3. The
dipole orientations are µˆ1,2 = (−1,1,1) /
√
3 and µ1 is fixed at central point of the unit cell. Green dashed curves are the envelops
of the curve. Inset (i-iii) are the isosurfaces in momentum space. (d) The linear relationship between decay length ℓD and inverse
size of isosurfaces 1/ q.
tion. Figure 2c shows the integrand ρke
ik·R with a long
inter-TLS distance R = 10λ on an isosurface that has a
radius that is 0.03 times that of the free-space isosur-
face. While the oscillation is still fast, the small isosur-
face cannot accommodate many oscillations, yielding a
sizable value of the integral. Figure 2e shows that this
strong interaction is sustained over a long distance if the
isosurface is small. Specifically, for an isosurface with
a radius of q, the real part of interaction ΓRe scales as
sin(qR)/qR. As the isosurface radius approaches zero
q→ 0, the range becomes infinite. Here, we use a polar-
ization factor ρk based on plane waves, which, thought
a simplification, is sufficient for calculating the scaling.
The size of isosurface is fixed in free space. But
there are many structured photonic environments that
offer smaller isosurfaces. Here, we use Weyl photonic
crystals as an example to demonstrate the inverse re-
lationship between the interaction range and the iso-
surface. Weyl photonic crystals [27] exhibit a conic
dispersion relation in 3D space, similar to Dirac dis-
persion relation in two-dimensional space. The iso-
surface gradually reduces to a point around the apex
of the conic dispersion, i.e. the Weyl point. Ob-
servation of this small isosurface suggests that we
could expect long-range interactions around isolated
Weyl points. Specifically, we consider a double gyroid
structure described by g (r)=sin(2πx/a) cos(2πy/a) +
sin(2πy/a) cos(2πz/a) + sin(2πz/a) cos(2πx/a) , where a
is the lattice constant. A material with a dielectric con-
stant εr = 13 fills the regions defined by g (r) > 1.1 and
g (r) < −1.1. Four air spheres are placed in the dielectric
material as defects to break parity symmetry, but make
all Weyl points present to a same frequency [28]. The
unit structure is shown Fig. 3(a). The dispersion rela-
tion on the plane of kz = 0 is shown in Fig. 3b with two
pairs of Weyl points at the frequency ωwp = 0.55096 c/a.
The isosurface becomes iinitesimally small at the Weyl
point.
Using these isosurfaces, we numerically calculate the
interaction between two TLSs placed inside the Weyl
crystal. The photonic modes are simulated using MPB
software package [29]. The details of the calculation are
shown in the supplementary material. Figure 3c shows
the interaction as a function of the inter-TLS distance
for three different transition frequencies, which are also
labeled by white lines in Fig. 3b. The isosurfaces have
four lobes because there are four Weyl points, as shown
in Fig. 3c (i-iii). As the TLSs’ transition frequency ap-
proaches the Weyl points, the isosurface size decreases,
causing the interaction extends to extend to a signifi-
cantly greater range. When the transition frequency is
0.00024c/a away from the Weyl point (panel ‘iii’ in Fig.
3c), the interaction shows negligible decay even at 30
wavelengths (Fig. 3c bottom).
The decaying and oscillating patterns in these curves
are attributed to a few different origins. At the largest
4scale, the envelop scales as sin(q¯R)/q¯R, where we use q¯
to roughly characterize the size of the subsurface (we
will discuss the impact of the shape of isosurface later).
The medium-range oscillation is due to the interplay
of four Weyl points at the same frequency. The fastest
oscillation is due to the modulation of the nonuniform
field within a unit cell of the photonic crystal. The long-
range interaction observed here is robust in that it does
not rely on the orientation of the dipole direction or the
spatial placement of TLSs (See more discussion in the
supplementary material)
We can quantitatively characterize the interaction
range by numerically fitting the envelope. These en-
velops are shown by the dashed line in Fig. 3c. We fur-
ther define a range ℓD as the distance when the envelop
drops by to half of its maximum value. We calculate this
range for TLSs at different transition frequencies near
Weyl points, corresponding to different isosurface sizes.
The results are shown in Fig. 3d. A clear linear rela-
tionship is demonstrated between ℓD and the inverse of
the isosurface size 1/q¯. Because the isosurfaces are not
spherical, we use q¯ =
√
Sω/4π to define the isosurface
size, where Sω is the surface area of isosurfaces.
Thus far, we have shown that the size of the isosur-
face plays a critical role in the interaction range. Next,
we will discuss the role of the shape of the isosurface.
A spherical isosurface leads to an isotropic interaction
range. On the other hand, a non-spherical isosurface
generally creates an anisotropic interaction range: the
interaction range depends on the direction of the inter-
TLS distance vector Rˆ. There is a general reciprocal rela-
tionship between the interaction range and the dimen-
sion of the isosurface when projected along Rˆ.
Let us take the example of an ellipsoidal isosurface in
anistotropic mediums. The interaction range is longer
when the two TLSs are placed along the direction of the
short axis of the ellipsoid sˆ, than when they are along
the long axis lˆ. We can easily see this effect by observing
the oscillation pattern of ρke
ik·R on an ellipsoidal iso-
surface as shown in Fig. 4a. When Rˆ is parallel to the
long axis lˆ, we have many oscillations and strong can-
cellation of the integration. On the other hand, when Rˆ
is parallel to the short axis sˆ, we have fewer oscillations
and weaker cancellation.
To demonstrate this effect in Weyl photonic crystals,
we plot the isosurface at frequency ω =ωwp+0.0084c/a,
where the isosurface has a flat edge-softened rectangu-
lar geometry (Fig. 4b). We plot the integrand in Eq. (2)
on the isosurface for three different R. Here the mag-
nitude of R is fixed, but its direction Rˆ varies from the
short axis sˆ to the long axis lˆ. The cancellation effect
is weaker when R is aligned with the short axis and
stronger along the long axis. We also calculate the in-
teraction as a function of the distance for the three di-
rections shown in Fig. 4b. The range is conspicuously
longer for TLSs placed along the short axis of the iso-
0 0.5 1 1.5 2 2.5
0
1
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Figure 4. (a) Real part of the integrand in Eq. (2) on an ellipti-
cal isosurface with (left) Rˆ=(0,1,0), (middle) (0,1,1) /
√
2, and
(right) (0,0,1) . Unit vectors sˆ and lˆ represent short and long
axis of the anisotropic isosurface. The dipole orientation is
fixed as µˆ1,2 = (0,0,1). (b) Same as (a), but the isosurface is in
the Weyl photonic crystal in Fig. 3a at frequency ω = 0.555c/a
and the dipole orientation is fixed as µˆ1,2 = (0,1,0) (c) The
absolute value of ΓRe as a function of distance R. Light green,
blue and dark red curves respectively correspond to Rˆ in left,
middle, and right cases of (b).
surface than that for the long axis as shown in Fig. 4c.
In the case shown in Fig. 4, the frequency is greatly
detuned from the Weyl point, and thus, the interaction
range is not as long as those shown in Fig. 3.
Visual inspection of the isosurface provides a conve-
nient tool to understand a broad class of long-range in-
teraction phenomena. We now comment on the connec-
tion between our approach and the existing literature.
The behavior of index-near-zero materialw [30] was ex-
plained by a long effective wavelength. Alternatively,
it can also be conveniently explained by our method:
the index-near-zero material also has an ultra-small iso-
surface. However, there is an important difference. In
index-near-zero materials, the interaction range is still
limited to the effective wavelength. In Weyl crystals, the
interaction extends over more than hundreds of effec-
tive wavelengths. In addition to these examples, we can
envision that Dirac points in 2D photonic crystals also
provide small ‘isosurfaces’ (isofrequency contours) for
long-range interaction [31]. Ref. [16] shows that inside
the photonic bandgap, long tails of evanescent fields can
induce long-range interaction. Here we can also see that
outside the photonic bandgap but near the band edge,
the propagating far fields have small isosurfaces, offer-
5ing a different mechanism for long-range interaction. A
hyperbolic material, where long-range interactions were
allowed along specific directions, was treated using the
Green’s function method [24]. Using our graphic inter-
pretation allows one to intuitively see that only special
directions allow long-range interaction (see visualiza-
tion in supplementary material).
To conclude, we show the deep connection between
the long-range interaction and the isosurface in momen-
tum space. Both size and shape of the isosurface affects
the interaction range. The method introduced here pro-
vides an intuitive understanding of underlying physics
that is somewhat buried in traditional treatments, and
we were able to use our method to help understand sev-
eral photonic systems from the existing literature. It
also provides a general recipe to search for new photonic
systems that support long-range interactions. As an ex-
ample, we show Weyl photonic crystals as a platform to
realize long-range interaction. It enables radiative inter-
actions that extend far beyond both the vacuum and ef-
fective wavelength in 3D space for all directions. To our
best knowledge, it is the first photonic system to exhibit
such properties. It creates new possibilities to study col-
lective phenomena such as superradiance and resonant
energy transfer, which could lead to new applications of
Weyl crystals for quantum information processing.
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